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1 INTRODUCTION

Consider the vector autoregressive (VAR) model

ytzzﬂiyt—i-l-vt,vt’v”\l(oa 7), (1)

i=1

consisting of n endogenous variables y;. In error correction form thisiswritten as
Ay, = Pyi—1 + v, 2

settingm = 1 for simplicity. When ¥, isintegrated of order 1, (1), then Ay, is1(0) and P cannot be full
rank. We may thenwrite P = a3’ where o and 3 are n x p matrices of rank p, and 3’ y; must comprise
p cointegrating 1(0) relations inducing the restricted (0) representation:

Ay, = (B yi-1) + v;. (3)

Estimating the rank of P formsthe cointegrationanaysis devel oped by Johansen (1988) (now well estab-
lished, seee.g. Banerjee, Dolado, Galbraith and Hendry, 1993, or Johansen, 1995). The standard solution
method for estimating the cointegrating rank involves ageneraized eigenproblem.*

Conditional on a selected cointegrating rank, denoted by p here, it is of interest to test additional hy-
potheses about the cointegrating space. A range of tests of increasing complexity has been proposed by
Johansen and Jusdlius. These are labelled H, . . . H. in the overview presented in Table 1. Note that the
first two tests on 8 could easily be combined with restrictionson « of typeH,.

It isimportant to know which constraints have explicit solutions (here: Hy and H.., also when in con-
junctionwith H,). Moreover, it isuseful to know that, where we need to use an iterative method, thiswill
converge to the right solution, as is shown in Doornik (1995) for H; and H,.. The drawback, however, is
that each set requires separate implementation, while not exhausting al interesting hypotheses. Also, it
is often more convenient to specify the restrictions directly on the elements of 3, rather than setting up

1 Doornik (1995) shows that a numerical more stable solution avoidsthe Choleski decomposition.
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Table 1. Summary of restrictions on cointegrating space.

hypothesis reference
H, a=B6, Johansen (1991), Johansen and Juselius (1990)
Hy B2 = Hy¢» Johansen (1988, 1991), Johansen and Juselius (1990)
H. Bs=(Hs: ¢s) Johansen and Jusdlius (1992)
Hi Ba= (Haip : ) Johansen and Jusdlius (1992)

H. Bs=(Hipi...Hyp,) Johansen (1993), Johansen and Juselius (1994)
Hy Bs=f3(0),a=f.(0) Doornikand Hendry (1994), this paper

H matrices. Inthispaper, | discuss general restrictions (possibly non-linear) onthe o and 3 coefficients,
labelled H ;. The method proposed here uses direct maximization of the concentrated likelihood function,
based on an alternating quasi-Newton method, and has been successfully implemented in the computer
program PcFiml (see Doornik and Hendry, 1994).

I deally, a computer implementation would be as follows:

(1) Let theuser specify restrictions of any type;
(2) Let the computer program analyse these restrictions, and select the most appropriate solution
method.

Inthisimplementation, the user need not have athorough understanding of each test. The computer would
recognize that the specified restrictions are, for example, of type H;, and use the method appropriate for
that type. The solution offered in PcFiml isonly halfway towardstheidea implementation: users choose
between an explicit method (H, N Hy or H, N H..), where they have to specify the B and H matrices, or
the general method where constraints are expressed directly in terms of unconstrained parameters.

This paper addresses the two issues involved in testing generd restrictions: how to estimate the re-
stricted apha and beta matrices, and how to verify identification of the selected specification. The lat-
ter is directly related to counting the number of free parameters to implement likelihood ratio tests. For
H; ... H. thiscan be derived directly, but for H; it is more troublesome.

Table 2. Number of constraints under various restrictions of the cointegrating space.

Jé; «a restriction count
H,, Jé; « 0
H, Bo (n="5)p
H, Ho o p(n—s)
HyNH, H¢ Bo (n=bp+pn—-s)
H. (H :¢) o s(n—p)
H.NH, (H:¢) Bo p(n—">0)+s(n—p)
Hy (Hep : 1) o rm(n—p+r —s)
H. (Hip1...Hpypp) « if identified: >F_, (n—p+1—s;)

Hy 15 (6) fo(0) seef2
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Table 3. Relevant matrix dimensionsfor various restrictions of the cointegrating space.

dimensions dimensions
H,, :unconstrained « (n x p) B (nxp)
H, 6 (bxp)b>p B (nxb)
H, ¢ (sxp)s>p H (nxs)
M, 6 (nx(p-s) H (nxs)
Hq p (sxr)rm<s ¥ mx@E-r)),rn<p
H. w; (s x1) H (nxs)

Table 2 gives the number of restrictions involved in the hypotheses considered by Johansen and
Juselius. The relevant dimensions are given in Table 3. It isclear that restrictionson « of theform B6
keep the identification burden fully on 3 (it does not restrict the A matrix in any way). The case H. is
treated in Johansen (1993) and Johansen and Juselius (1994), and the discussion is closely linked to the
concept of identification. To find the degrees of freedom under H.: check if the restrictions are identify-
ing, if they are, then the degrees of freedom are computed as the sum of the overidentifying restrictions
imposed on each cointegrating vector. If they are not identifying the situation isless smple. Moreover,
constraints on «v (such as exclusion restrictions) may help to identify 3, thus making the situation more
complex. Sofor H;, | adopt adifferent approach.

Finally, | wish to point out that an intermediate form is considered by Boswijk (1994) (linear restric-
tionson vec 8 with exclusion restrictionson vec «).

2 IDENTIFICATION UNDER GENERAL RESTRICTIONS

Conditionsfor identification in the reduced rank vector error correction model under general restrictions
will be somewhat wesker than those avail able for within-equation restrictionsonly. There, we may verify
identification without reference to any parameter value, thus obtaining a global result (except for a set
of measure zero). In the genera case non-linear constraints are allowed and identification can only be
checked locally for any parameter point. Under well-behaved constraints, however, the verification of
identification at arandom point in the restricted parameter space correspondsto global identification with
probability one. The following proposition solves the identification problem under genera parameter re-
strictions.

PrRoPOSITION 1 (Identification under general restrictions): A sufficient condition for the parameter
value 6, in the model

y=PO@)w +v,, P(6)=a(6)3(0), v ~INO,¥R,), 4

with

rank (P) = p, rank($)=ny, rank(W)=mn;, Risngxng, WIisT xnq,
to belocally identified isthat the ngn; x » matrix
Jvec P'(6)

06

hasfull columnrank r at 8 = 8y; with «, 8 and 6 respectively ng x p, n1 x pandr x 1 matrices. Itis
also assumed that «« and 3 are twice continuoudly differentiable functions of the coefficients 6.

J' =
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PrROOF. Identification of the statistical model (4) means that the joint probability distribution which
generates data according to that model is uniquely determined by specifying the parameter valuesin the
model. By requiring that £2 and W are full rank, we can limit attention to the remaining parametersin
the model. So identification requires that we can uniquely solve P’ (6,) — P’ (6) = 0 (see Rothenberg,
1971, p.587 or Magnusand Neudecker, 1988, p.337). A sufficient conditionfor thisisthat the (transposed)
Jacobian matrix 0 vec P’ (@) /08 has full column rank when evaluated at 8,.0

Application of Proposition 1 leads usto check the rank of

, _ Ovec P'(0)

J o6

:(Ino®6(60) Za(90)®In1)J/, (5)

where .
0 { [Vec (a (00)/)]/ s [vec B (00)]/}
00’

J =

isan (ngp + pn1) x r marix.
We can show that the approach taken by Boswijk (1994) (again applying results of Rothenberg, 1971)
leadsto the same condition. There, local identification of the value 8 isobtained if the asymptoticinform-

ation matrix:
I, opg

I=TJ
(OL/®In1

(27 080) (1,08 o, )T ©
isfull rank; S§1; = T~ W’ W . Sincetheterm in the middle is a positive definite non; x ngn; matrix
under the assumption that W and 2 are full rank, it is sufficient to check that 7/ has rank r.

To make Proposition 1 operational, we need to be able to determine the rank of amatrix in acomputer
implementation. For this purpose we define the concept of numerical rank:

DEFINITION 1 (Numerical rank):  Therank of an m x n matrix A, m > n, is determined by the
number of singular values w; satisfying:

w; > 10%,]| Ao = €w,

with ¢,,, the machine accuracy for double precision (=~ 2 x 10~'%) and

n
Ao = @?&Z} |aij).-
]:

The singular values can be found using the singular value decomposition. Deciding which singular
valuesare small depends on theprecision of thefloating point arithmetic; thetol erance hereisbased onthe
| EEE standard for 8-bytefloating point arithmetic, such asimplemented on IBM compatible computers.

There is till achoice to be made, as the rank could be computed in three ways:

(1) using random vaues, uniformon (0, 1), for 8, in equation (5);
(2) using the maximum likelihood estimates 6in (5);
(3) using the maximum likelihood estimates 6 in the information matrix (6).

In numerical terms, verification of (5) is expected to be somewhat more reliable than (6), because the
latter will be contaminated by the singular values of §2,7! and S;;. Also, the use of arandom parameter
value comes closest to establishing global identification, because the probability of finding a 8, which
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leads to a lower rank than 6 is essentially zero. On the other hand, it is possible that the converged 6
has a lower rank than 8y, for example if some parameters go towards zero or infinity or if a restriction
exacerbates a near singularity in the data (with the singularity causing local underidentification, rather
than being caused by ageneric lack of identification). This suggeststhat 6 should not be used for generic
identification, but that some information needs to be available for underidentification owing to singularity
at the maximum.

The results may be summarized asfollows.

ALGORITHM 1 (Numerical identification under general restrictions):  Ina VAR of dimensionng and
cointegrating rank p under general restrictionson « and 3, define:

s rank [J’(6y)], computed using Definition 1,
r  the number of freely estimated parameters,

for a randomly chosen parameter value 8, and 7 givenin (5). So s isthe observed rank of 7, and r the
dimension of 8. There is global identificationwith probability one if:

§=7,
thatis, thereare no zero singular valuesin 7. Following maximumlikelihood estimationusing Algorithm
2, which yields 8, and when the modd is identified, the ‘variance' of the estimated parameters may be
reported as

/T T § R —1
V[G]_T—r/noz (6) e
where Z* isgivenin (7) below, and r/n, usesinteger division.? Regardless of identification, the degrees
of freedom of the LR test for restrictions on the cointegrating spaceis given by

nop +Pn1 - p2 -5, s = rank [j/ (60)] 3
when n; — ng parameters on non-modelled variables are restricted to lie in the cointegrating space.

J'isanngny x r matrix, and we can have nony > r aswell asngn; < r (e.g. when no restrictions
areimposed a al: » = ngp + pn1). Inthelatter case it is more efficient to compute the singular value
decomposition of 7 instead. The LR test can be applied regardless of the rank of 7', which we denote
by s to distinguish it from the identification condition (there is identification if s equas r, but there are
restrictionsimposed if s < nop + pny — p?).

Asdiscussed in Johansen (1991) (al so see Johansen, 1995), the distribution of 8 ismixed normal, i .
the variance matrix is stochastic. The discussion there also indicates that inference on 3 may be done as
if a isknown, and viceversa. Inlinewiththis, the‘variance' iscomputed as (i.e. setting the off-diagona
blocks to zero before applying the Jacobian matrix):

21 @ (8 8118) 0 )J’,

T* = (T—r/n)J( 0 oo 81y (7

whered, 3 and J arefunctionsof 4. If theinversionof 7*(6) or Z(6) fails, thereisalocal singularity at 6.
Section 4 gives some examples, and illustratesthat the random parameter val ue approach isthe preferred
method.

2The scalefactor isin line with al reported variancesin PcFiml by being scaled by T — k rather than 7.
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3 ESTIMATION UNDER GENERAL RESTRICTIONS
Again assume a cointegrating rank p. The hypothesisis expressed as.
Hy: {fa=F (0)}n{B=15(0)}, (®)

« and 3 are expressed as a function of the unrestricted elements 8 in «, 3. This function may be non-
linear, and even link « and 3. Consider an examplewithn =4, p = 2:

Yo L1

o = ¥2 ¥3 . B = ( Y8 P9 Pio P11 ) ) 9)
22 P12 P13 P14 P15
e PT

A possiblerestriction we may wishtotestises = 0, o7 = 0, 010 = ©11, 14 = ¢15. Another could be
vsp11+re1s = 0 which could beexpressed asps = —p7¢15/¢11; thistypeof restrictionisconsidered
by Hunter (1992) and Mosconi and Giannini (1992) (also see Toda and Phillips, 1991, who note the need
for care in testing when some parameters vanish from the hypothesis when others are zero). In thefirst
example we map from

(SDO Y1 P2 P3 P4 P55 Pe T P8 P9 Pro P11 P12z P13 P14 @15)

to ( o w1 P2 w3 pa w5 0 0 1 ws w9 w11 P11 P12 P13 P15 Pis
60 61 62 63 64 65 : 66 97 68 69 910 911 ’
where 6 is the vector of parameters in the constrained likelihood, and ¢ = [(veca’)’ : (vec )] are

the unconstrained parameters. The constrained parameters are partitioned according to alpha and beta:
0 = (19’CY : %) whichinthefirst exampleequals: (6o ...05 : 65 ...6011). Thefunction f3(@) mapsfrom
6 to 3, whereas we shall write f;~ 1(B) tomap froma3 vector to 6 (i.e. just applying the constraints; only
if no constraints are imposed will it hold that £ (fﬁ‘l(ﬁ)) - A).

The likelihood to maximize is (see the Appendix):

mimaoson (3 5) (e )| 0

where £.(0) = (.(84,03), writing a(0) = f.(6) and B(8) = f5(8). The estimation procedure under
the constraints isimplemented as an aternating variables method, where each step involvesanon-linear
maximization. The following a gorithm describes the implementation in PcFiml:

£:(0) x — log

ALGORITHM 2 (Switching algorithm for general cointegration restrictions):

(1) determine starting values fromthe unrestricted parameters, assuming rank p;
(2) improve on the starting values using Newton’s method;
then choose one of the following:
(3) direct maximization of the concentrated log-likelihood using BFGS;
or:
(4) switching, i.e. alternating maximization using BFGS.
(o) keep 65 fixed, and maximize (10) asa function of &,;
(8) keep 6., fixed, and maximize (10) as a function of 8;

repeat steps («) and (5) until convergence.
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When moving from step («) to (/%) and back to («), thelikelihood will not go down (providing there-
strictionsdo not link coefficients of « to coefficients of 3). So thisagorithm will converge to the global
maximum as a consequence of the resultsin Sargan (1964) and Oberhofer and Kmenta (1974), provided a
global maximum exists, there are no loca maxima, and no numerical problems preventing us from reach-
ing it (such as afailure to improve in the line search). BFGS is the Broyden-Fletcher-Gol dfarb-Shanno
method, see e.g. Fletcher (1987). The following remarks are relevant to Algorithm 2:

1)

@)

3

Switching.

A major advantage of aternating (switching) between « and 3 is that the implicit identifying re-
grictionson 3, owing to the fact that «3’ = a4’ (BA)' for non-singular A, never have to be
imposed. But when the congtraints are not binding (do not restrict the long-run matrix: the con-
straints can be obtained by a certain A matrix), together with bad starting values, convergence can
berelatively dow. However, in many cases (even without identification) we found that direct max-
imization worked well. There were afew instances where direct optimization led to offsetting ro-
tationin 6, and 63, taking the parameters into a numerically unstable area (ultimately leading to a
failureto evaluate the log-likelihood). In those cases, switching did work well. Certain parameter-
izations (especially thoselinking coefficients of a phaand beta) may lead to very slow convergence.
Here some manua intervention could be useful to try changing from switching to non-switching.
Overdl, | fed that switching should be the default, favouring robustness over speed.

Starting val ues.

Since the main purposeisto restrict elements of 3, we shall only be concerned with starting values
for beta. As pointed out under (1), some restrictions might not be binding, and could be accom-
modated by an appropriate A matrix. A simple approach is described here. Let 6i_;, S_1 bethe
unconstrained standardized alpha and beta matrices. Write b_; = f5(f; ' (8-1)) for the matrix
resulting from applying the constraintsto 4_; and define [-], as dropping those rows which have
no restrictionsin them; if thisyields less than p rows, than add rows back in, so that the[-],. matrix
isq x p, withg > p. Then solve:

for A anduse @) = |f; ' (B_1A) :fa‘l(d_lfrl’)] to start.
Newton steps.
Analogousto the hybrid Gauss Newton/BFGS method for solving non-linear | east squares problems
(Fletcher, 1987, p. 117) | found it helpful to start the iterating process with some (possibly none)
Newton steps. Writing @ = JQJ' and § = Jq for the constrained Hessian matrix and score vector
(Q and ¢ are given below in (13), (14)), the Newton steps are performed on the whole vector of
theta's:
. +
6;, =6;_1 — (Qj—l) Gj—1.

Since Q could be singular, the generalized inverse based on the singular value decomposition is
used. However, the steps are only taken if

6;) — 6;1) > - 166;-1)].

N
i.e. only if thefunctionincrease isat least 1.5%. If any stepsaretaken, — ( Q; ) formstheinitia
inverse Hessian; otherwise theidentity matrix isused toinitialize BFGS.



Testing General Restrictions on the Cointegrating Space

(4) Step («) with unconstrained «c or step (5) with unconstrained 3 can be done without iteration:
. -1 1
B = (d’(lv‘ld) & 01801 (511)7 (11)

see (13); and _
a =SB (5/5115) . (12)

(5) In case the BFGS maximization procedure is used, it has been found advantageous to restart step
(@) (or (3)) with the quasi-Newton approximation K to theinverse Hessian matrix at the end of the
previous step («) (or (3)). The dternative would be to reset K to the identity matrix before each
maximization, but with alot of aternating thiswould result in near linear behaviour.

(6) Convergence.

Convergence may be assumed after both steps have converged (with score vectors close to zero)
and function vaues at the end of successive (5) steps are very close together.
Whentherestrictionsare of theform H,, thealternating deflation method of Johansen (called switch-
ing method by him) will be more efficient because the function is concentrated with respect to «
while Algorithm 2 cycles over each 3 vector, rather than being conditiona on acertain « value for
al 3 coefficients.

(7) Theimplementation of thea gorithmin PcFiml alowstwo versionsof the BFGS method to optimize
the restricted likelihood:

(&) BFGSwith‘analytica’ first derivatives;
This method employsamixture of andytica derivatives (94(¢)/d¢;) and numerica derivat-
ives (0¢p/00;). Thefirst term isgiven in the appendix. Thisisthe preferred method.

(b) BFGSwith numerical first derivatives.
Uses numerical derivativesto compute 9¢ (¢p (6)) /96;. The numerical scores are |less accur-
atethananalytical scores, (because they tend to zero astheiteration proceeds) and more costly
to obtain.

4 SOME EXAMPLES

4.1 PcFiml tutorial

As afirst application consider the tutorial example of Doornik and Hendry (1994, p. 86-87). There we
haveafour-dimensional VAR, withthetrend restricted to the cointegrating space and arank of three (ng =
4,n1 = 5, p = 3). Therestrictionsconsidered are

Q

[
OO O ¥
O ¥ ¥ O
O ¥ ¥ O

X

[l
SN

The corresponding test statisticreported by PcFiml version8.0isx?(~ 7) = 14.325[0.0457], withthe
p-value between square brackets. This, however, isincorrect, and the techniques of the previous section
allow is to compute the correct degrees if freedom (as implemented in the newer PcFiml version 8.1).

Table4 liststhesingular values. The columnsarefrom left toright: the proposed method of using ran-
domvaluesin 7’; themaximum likelihood estimatesin 7’; and finally the maximum likelihood estimates
intheinformation matrix. Each of these suggest a matrix which hasrank 8, the three zero singular values
corresponding to an unidentified model (the zeros would disappear by normalizing 3’ along the diagonal).
The unrestricted modedl has 12 + 15 — 9 = 18 parameters, so that the observed rank 8 correspondsto 10
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Table 4. Singular values of PcFiml tutoria example.

J'(60) J'(6) 7(0)
wy 1.781 1.390 4.193 x 107
wa 1.583 0.81034 6.646 x 104
ws 1.409 0.80469 1.576 x 10*
wa 1.159 0.68091 1050.
ws 1.061 0.66004 778.8
we 0.93190 0.19183 605.9
wy 0.77074 0.17216 207.8
ws 0.48373 0.073142 48.69

Wy 1.293 x 1016 4312 x 10717 7.587x 10713
Wi 1.936 x 10717 7.662 x 10718 4.589 x 10712
w1y 2.813 x 10717 6.420 x 10719 1.196 x 10711

€w 412795 x 10712 2.95779 x 10712 9.45369 x 1075

restrictions and not 7 as reported. In this case the correct test statisticis x*(10) = 14.325 [0.159]. Ap-
parently, a zero in each of the cointegrating vector must be counted in additionto thosein «.. To see this,
normaize 3: thisisnot aconstraint asit can be achieved by rotating «, but now each vector is overiden-
tified by one restriction. The tutorials considered a couple of variants. Setting the remaining element in
thelast column of 3’ to zero adds one further restriction. Reinstating this element, but setting the second
and third diagonal element of « to zero resultsin 12 degrees of freedom, still requiring normalization of
each 3-vector for identification.

4.2 Australian data set

The second example uses the model presented in Johansen and Jusdlius (1994), hereafter referred to as
JJ94, which is based on Australian data. The numerical issues which arise are very interesting and we
shall discussthismodel in considerable detail.

The endogenousvariablesin thismode arethelog of the M3 measure of the nomina money stock, the
log of real GDR, the log of the GDP deflator, the three month commercial bill rate and the ten-year bond
rate. These variables are denoted by m3, v, p, 3, 710.% In addition, there is a trend which is restricted
to enter the cointegrating space. Findly, there isan unrestricted constant and centred seasonals, and an
unrestricted step dummy which is zero up to 19834, and one thereafter. The dummy is introduced to
capture the effects of floating exchange rate and financia deregulation.

The data are presented in Fig. 1. It is noticeable that both m3 and p closdly resemble alinear trend.
The seasonality ismainly confined to y, which also has a strong trend, and shows the break which the step
dummy triesto capture.

The basic model is a VAR(2), which is estimated over the sample period 1976-1 to 1991-1 (1" =
61). We have three implementations of the Johansen procedure at our disposal: CATS, PcFiml, and the
numerically stable implementation in Ox (based on the singular value decomposition and described in
Doornik (1995)). Each of these givesthe same resultsfor eigenval ues and eigenvectors of the unrestricted

3| wish to thank Katarina Juselius for kindly making the data available, and allowing me to use CATS version 4.2, see Hansen
and Juselius (1994).
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cointegration analysis.* The test output from PcFiml is summarized in Table 5. Although this suggests
only one eigenvector, we adopt three as J394 do.

Table 5. Unrestricted cointegration analysis of Australian model of JJ94.

Ho : rank = p (1) (2) 95% (3) (4) 95%
p=20 41.9* 35.03 375 101.1**  84.49 87.3
p<1 26.65 22.28 31.5 59.15 49.45  63.0
p<2 18.52 1549 25.5 32.5 2717 42.4
p<3 11.92 9.965 19.0 13.98 11.69 25.3
p <4 2.069 1.722 12.2 2.069 1.722 12.2

() —Tlog(l ) (2): (T —nm)log(1 — p)
(3): ~T Y log(1—p) (4): ~(T —nm) ¥ log(1 - )

Table 6. Restrictions on cointegrating space.

JJ94 table 3 JJ94 table 5 JJ94 table 6

d 0 0 1 0 0 d 0 0
Y * * ok -1 0 O 1 0 O
p —d £ % -1 0 = —d 0 =
r3 1 1 0 * 1 0 0 1 0
10 0 -1 1 + =1 1 0 -1 1
t * * % * 0 = * 0 =

Table 7. Singular values of Australian model, JJ94 Table 3.

J'(6g) T (O)rs, ro I(8)rs,ri0  J'(0)Rs, Rio Z(0)Rs, Rio

wy 3.242 5.923  1.783 x 107 134.6 2.044 x 107
Way 0.21929 0.11176 5.383 0.0015419 0.00029338
Was 0.022014 0.039729 1.052 2.227 x 107° 0.00049829

Way 0.011014  0.00069562 8.623 x 107> 1.158 x 10~° 7.451 x 1078

€w 9.7 x10712 1.6x 1071 4.9 x 107% 5.3941 x 10710 7.28327 x 107>

Given the strong similarity of m3, p and the trend, there could be some concern about the ability to
identify the cointegrating vectors. Estimation of the restriction on the cointegrating vectors presented in
table 3 of JJ94 (see Table 6) bears thisout. Using Algorithm 1, PcFiml is able to warn prior to estim-
ation that the vectors are exactly identified, so that no estimation is required for the test, just a rotation.
Proceeding with the estimation regardless leads to convergence.®

4The coefficientson r3 and r1o are different from the results in Johansen and Juselius (1994), but this appearsto be by a fixed
scale factor of 1.12, and is of no concern.

5 Somewhat before the maximum, namely at 1460.4386, where the maximum is 1460.4087. This, of course, is determined by
the convergence tolerance, although attempting more precise estimation illustrates the numerical problem: the parameters change
considerably, without much changein the function value.

10
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Table 8. First betavector, JJ94 Table 3.

m3 Yy P R3/7“3 Rlo/rlo Trend
PcFiml  Rs, R1p  1.062 103.7  —1.062 1 0 —0.72193
PcFiml  rs3,r10 1.278  —5.459 —1.278 1 0 0.026125
CATS Rs, Ry 21750 —1.934 —21.750 1 0 —0.180
CATS r3, 710 0.200 0.070  —0.200 1 0 —0.002
Ox Rs, Ryg 21.316 0.2892 —21.316 1 0 —0.19126
Ox r3,ro0  0.3677 —0.7872 —0.3677 1 0 0.002140

Investigation of therank of the information matrix at the converged values, see Table 7, indicates that
themodel is closeto reduced rank, even though it is exactly identified. Depending on the form of the re-
strictions, the information matrix singular values are scale variant. Here we standardize on the interest
rates. If these are changed to percentages. Rs = 100 x r3 and R1p = 100 x 10, the condition of the
restricted information matrix will deteriorate, because theinterest rate coefficients are fixed. The last two
columns of thetable have the numbersfor the Jacobian and information matrix based rank condition at the
converged val ues (the random parameter method is unaffected). Now the information matrix has reduced
rank, and invertingit in PcFiml fails. Also the Jacobian at the maximum ismuch less clearly of full rank.
The numerical ingtability isillustrated by the values found for the first beta vector (the second and third
have roughly the same magnitude) from the various programs, given in Table 8. Care is required when
interpreting the cointegrating vectors in this case. Fortunately, the test statistic for the imposed restric-
tionsis much more stabl e, since an upper bound for thelog-likelihood can be determined regardl ess of the
underidentification.

Thefirst cointegrating vector under the restrictionsof JJ94 table 5 isa so numerically unstable, but the
test statistic iswell determined by al programs at y%(5) = 22.48. The results according to J194 table 6,
are numerically stable: the results are unaffected by changing from rs, r1o to R3, R1o.

So, perhaps quite surprisingly, the numerical problems suggest using a more orthogonal data trans-
formation along thelinesof Hendry and Doornik (1994): replacing nominal money by real money (m—p),
and using theinflation rate (Ap) instead of the GDP inflator, see Fig. 2. The results of thisapproach are
reported in Doornik (1995).

5 CONCLUSION

Testing genera cointegration restrictions provides an example where computation did lead theory for a
period of time: estimation has been availablein the computer program PcFiml (starting in 1992 with beta
versions), but no reliableway to verify identification and count the degrees of freedom was availablethen.
This paper solves the theoretical issues and provides the operational links required for practical applica-
tion. Algorithm 1 makesit is possibleto verify identification prior to estimation. The degrees of freedom
(if any) of thetest of overidentifying restrictionsmay now be presented automatically by a computer pro-
gram, independent of whether the model isidentified or not.
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APPENDIX

Start from the vector error-correction model
m—1

Ay, = Z 6;Ay;_i + Py,_1 + vy, v, ~ IN(O, 2)
=1
we obtain the concentrated system
R)= PR, + V'
by partialing out lagged differences and other unrestricted variables (such ase.g. atrend or seasona dum-
mies). The corresponding concentrated likelihood functioniis:

(.(P)= —glog T-'V'V|= —glog |T~' (R}, — PR})(Ry — R\ P’)|,

with P = P(6) = a(6)3(8) and p for therank of the cointegrating space. Write
S;; =T 'R/R;fori,j =0,1.
Thefirst derivatives, required for the maximization algorithm are for ¢’ = {[vec(a’)]’ : [vec B]’}:
T e
O vec { [a’(lv_l (501 - aﬁ/511)]/}
Asymptotic second derivatives are obtained by keeping £2, fixed:
dde. (P) = —tr{2;1(dP)R.dP'} +tr {02, V'R,ddP’}
= —tr{0;1(dP)R.dP'}.

The cross-derivative is found as follows. Analogous to Magnus and Neudecker (1988, p. 182) we can
derive:

(13)

dvec(X’AXB) = (I®X')dvecAXB+ (B'X'A’@I)dvec X’
(B’®X’A) dvecX + (B'X'A’ @ I) Kdvec X,
where K isthe commutation matrix such that K vec X = vec X’. Thus, wefind for the cross-derivative:

_ (951501 ®Ip) K + (.Qv_laﬁlsn ® Ip) K + (.Qv_la ®ﬁ’511)
= (27 a@fSn) - {02, (S —af'Sn) 0L} K
= ((ll)_la@B’Sn) .

The last step occurs because So; — a3’S;; = V'R, vanishes asymptotically in the absence of mis-
specification.
So, for the asymptotic Hessian matrix of the CLF with respect to ¢ we obtain:

o = LtlaB) _ (270 (@E'Sup) (2 lacpfS))
o 690890/ o a’.(lv_l ® 8118 a’(lv_la ® S11
(14)

In0®6/ —
_T< OL/®In1 )(Qv1®511)<1n0®ﬁ a®In1 )

13



Testing General Restrictions on the Cointegrating Space

m3= u=
12.6 11.2
11.91-
11
11.21-
1@.8F
18.5-
2. L . L 18.6 L L .
1988 1985 1996 19808 1985 1990
p= rg=
o5 2
.16
2}
12
_.sk
.88 -
_1 . . . Ba . L .
1988 1985 1996 19808 1985 1990
rgc Trend=
.18 98
A5
6@
A2
a@-
.89
™ L . L 8 L L .
1988 1985 19968 19808 1985 1998

Fig. 1. Basic variablesin Australian mode.

m3= =

n-p=

12

11.8

11.6-

11.4

11.2

18

11

L L L L L L
1988 1985 1998 1988 1985 199@

Dp=

r3Trie™

.88 .86

Smooth line is non-parametric
regression line with handwidth 8.

.84

19808 1985 1998

Fig. 2. Transformations of variablesin Australian modd.



